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ABSTRACT
N conformal theory models WD
(p)
3 coupled locally by their energy operators
are analyzed by means of a perturbative renormalization group. New non-trivial
fixed points are found.
1Unite´ Mixte de Recherche CNRS UMR 7589.
In the continuum limit the model WDn could be defined as:
A =
∫
d2x{
n∑
a=1
∂~ϕ∂¯ ~ϕ+
n∑
a=1
(ei~α
+
a
~α + ei~α
−
a
~ϕ)} (1)
~ϕ = {ϕ1, ϕ2, ..., ϕn}, n = 3, 4, 5, ... (2)
{~α±a } are simple roots of the algebra Dn.
In this class of models find themselves:
– Toda models
– Loop models, still to be found.
Corresponding conformal theory, which is based on WDn, chiral algebra, has been
found by V.Fateev and S.Lukyanov [1]. The theory contains minimal models:
Mp ∼WD
(p)
n (3)
with the central charge:
cp = n(1−
(2n− 1)(2n− 2)
p(p+ 1)
), (4)
p = 2n− 1, 2n, 2n+ 1, ...∞ (5)
The most simple model in this class is WD3,
~ϕ = {ϕ1, ϕ2, ϕ3} (6)
– Coulomb gas of a 3-component field ~ϕ;
– Minimal models:
WD
(p)
3 , p = 5, 6, 7, ...∞ (7)
with the geometry of screening operators in (1) given in Fig.1.
The model which is close, in a sense, to WD3 is the loop model of Jacobsen and
Kondev [2]. Its 3-component Coulomb gas has the geometry of screenings given in Fig.2.
The energy operator of WD
(p)
3 .
The model contains the degenerate representations, the operators:
V~β = e
i~β~ϕ (8)
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Figure 1: Screening operators geometry for WD
(p)
3
with
~β = ~β(n′
1
,n1)(n′2,n2)(n
′
3
n3) =
3∑
a=1
(
1− n′a
2
α− +
1− na
2
α+)~ωa (9)
α± : ~α
±
a = α±~ea, |~ea| = 1 (10)
For WD
(p)
3 ,
α2+ = (α−)
−2 =
1 + p
p
(11)
~ωa : ~ea~ωb = δab (12)
The conformal dimensions of these operators are given by the formula:
∆(n′
1
n1)(n′2n2)(n
′
3
n3) =
~β2(...) − 2~α0
~β(...) (13)
where
2~α0 = (α+ + α−)
3∑
a=1
~ωa (14)
With this formula one finds that the most relevant operator in the neutral sector (the
operators (8) with ~β belonging to the plane 2,3 in Fig.1) corresponds to ~β(2.1)(1.1)(1.1). It
is natural to identify it with an energy operator of the model:
ε ∼ V~β ,
~β = ~β(2.1)(1.1)(1.1) (15)
One finds:
∆ε = ∆(2.1)(1.1)(1.1) =
5
2
α2− − 2 (16)
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Figure 2: Screening operators geometry for the loop model of Jacobsen and Kondev
With α2− = p/(p+ 1), eq.(11),
∆ε =
1
2
−
5
2
ǫ (17)
where we have defined a perameter:
ǫ =
1
p+ 1
(18)
The physical dimension of the operator ε (conformal dimension doubled) is:
∆phε = 1− 5ǫ (19)
N coupled models WD
(p)
3 , p≫ 1.
A =
N∑
1
A0 + g
∫
d2x
N∑
a6=b
εa(x)εb(x) (20)
– the interaction term is slightly relevant, in the case of p ≫ 1, ǫ ≪ 1, eq.(19). The
theory is accessible for the analysis by a perturbative RG. One find a phase diagramm
which is fairly interesting.
Important observation:
ε(x)ε(x′) =
1
|x− x′|2∆ε
+
DΦεε
|x− x′|2∆ε−∆Φ
Φ(x′) + ... (21)
∆Φ = 2−Bǫ (22)
3
B is a numerical constant. This operator algebra implies that another slightly relevant
perturbation will be generated by the RG. The initial action, eq.(20), is unstable w.r.t.
RG evolution. The generalized action, which is stable (renormalizable), is:
A =
N∑
1
A0 + g
∫
d2x
N∑
a6=b
εa(x)εb(x) + λ
∫
d2x
N∑
a=1
Φa(x) (23)
Model with disorder, N → 0.
One finds the following RG flow: Initial conditions {g0 6= 0, λ0 = 0} ⇒ Fixed point
{g∗ = 0, λ∗ 6= 0}, Fiq.3.
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Figure 3: RG flow for the model with disorder
Checking the value of the central charge at the new fixed point one finds that this
flow corresponds to:
WD
(p)
3 with disorder⇒WD
(p−1)
3 without disorder (24)
The details could be found in the paper [3].
Coupled models, N ≥ 2.
With the RG equations for the generalized action in eq.(23) one finds the flows shown
in Fig.4 [3]. There are 3 fixed points, in addition to the trivial one g = λ = 0: 1.
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Figure 4: RG flows for the N coupled models
λ∗ 6= 0, g∗ = 0
2. λ∗1, g
∗
1 6= 0
3. λ∗2, g
∗
2 6= 0
Point 1: N decoupled models WD
(p−1)
3 .
Pont 2 and 3: the models are coupled. The symmetry of the critical theories at these
points is S3. The corresponding conformal theory is unknown.
Passing in the vicinity of the point 3.
When the initial values of the couplings are chosen appropriately, the RG flow makes
first the couplings to approach the point 3, Fig.5, and then, if the point is slightly missed
to the right, the flow takes finally the couplings to the point 1. The evolution of the
effective central charge (C function of A.Zamolodchikov) along this flow is shown in
Fig.6. One observes three plateaux, signaling presence of three fixed points which are
being visited successively, Fig.6. This behaviour is reminiscent of the starecase model,
studied by Al.B Zamolodchikov [4].
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Figure 5: RG flow in the vicinity of the new fixed point
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Figure 6: Evolution of the central charge along the RG flow
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